Solutions to Differentiation
1. (i) f(z) =2"and f(x+ h) = (z + h)"

f(:v+h]z—f(w) _ (@th)—an (f){(H’;)"_l}

Hence f'(z) = nz"'.
(7) This can be deduced from the last problem with n = —1. However, it is very easy
to do it directly.

f(:n—i—h})b—f(x) _ (1){ 1 1}

Hence f'(z) = —z72.
(#11) f(z) =tanz and f(z + h) = tan(z + h)

flz+h)— f(z) [tan(z + h) — tan z]
h h
_ (l) { tanz +tanh tan:v}
h/) |1—tanztanh
[(tanz + tan h) — tan z(1 — tan z tan h)]
h(1 — tanz tan h)

tan h 1 9
) (1—tanxtanh)(1+tan z)
— 1x1xsec?z=sec’r as h—0

d

2. (i) dt d (sinx) cosx%sinx—sinxacosx
—tanz = — =
dz dz \coszx cos? x
cos’z + sin’z 1 )
= 5 =_——=sec'w
cos2 g cos2 g
(11) d d 1 coszEl —1Lcosz
—secr = — = 5
dzx dxr \coszx cos?
Sin

= 3 =secztanz
Ccos* T



d d d
(i) %:ﬁew = x2%ew + ew%:ﬁ = 2%e® + 2z€” = ze%(z + 2)
(i) d (2*-1\ _ (@+1)gEeE*-1) - (@ -1)iE*+1)
dr \z2+1 (22 4+ 1)2
2z(2® +1) — 22(z* - 1) 4z
(22 4 1)2 - (22 +1)2
d (Inz\ x%lnx—lnx%x . x% —lnz 1-Inz
(v) de \ z ) x? 2 g2
; d d
3. (1) d—sin3x = d—u3 where u =sinz
T T
d 5d 2 .2
= T 3u”cosr = 3sin“ xcosx
u dx
.. d
(4) %cos(:vm) = J-cosu where u = z1/2
_d d 72\ sin(z'/?)
= goeosuu=—sinu|—— ) =—— 5"
(iid)
Iz tan(mz +a) = %tanu where u=mz+a
= o tan usu= msec® u = msec’(mzx + a)
u T
(i) 3 3
—exp(z° +22) = ——expu where u=2z"+2z
dz dz
d d
= o expu_u= (expu)(3z® +2) = (32® + 2) exp(z® + 27)
u T
(v) d—lnsinx = d—lnu where u =sinz
T T
d d 1 Cos T
= —Inu—u=-cosz = — =cotz
du dz U sin z

4. (1) Set y=cos™ !z so that z = cosy (0 <y < 7). Then
d
—aﬁz—siny:—\/l—cos2 = —v1— 22 (since siny >0 for 0 <y < )

dy
-1

andsoﬂ—l ﬁ
de ) dy  V1—2q2

(i) I sin™'(2z%) = % sin~'u where u = 2z2
d d 1 4x

= —sintu—u= 4y =

du dx V1 —u? v V1 —4x4




(é12) dd Infsin(y/z)] = d Inv where v =sinu and u = +/z

z dzx
_ dlnvdvdu _ lcosux_lp
T dv dudz  w 2
1 t
= cos = Ve

dz
(iv) Set y =tan~'z so that z = tany. Then — =sec’y =1 +tan’y =1 + 22

dy
dy dx 1
and so dz dy 1+ 22

(U) i 2 2 -1 _ 2 2i -1 -1 i 2 2
d:v(x +1)tan"z = (z°+1) dxtan T + tan xd:v(x +1)
— 2 12
(z+1) T 22

= (#®+ 1) +4z(z* + Dtan 'z = (2® + 1)[1 + 4z tan™ ' 7]

+tan"'z x 2(2® + 1)22

; 1
(v1) — In [cos (—) = —Inv where v=cosu and u =z "
dzx z dz
dlnvdvdu 1 ) 9
T dv dudx U(—smu)(—x )
- cos(z~1) sin(z™)e™ = Ptan (5)

d d 1

Zin(lnz)]= ——=1Inz =
(vid) dx[n(n:v)] Inz dzx na zlnz
(viii) In (el/w) _1 = iln (el/w) = _—1

z dzx 2
1—z 1/2

(iz) Let y = (H—x) then Iny = $In(1 — z) — 1 In(1 4+ z) and so

dy 1 1 —(l+z)-(1-z) -1

ydr 2(1+z) 2(1+4+2) 20l-z)(1+2) 1-2z%

dy (1—x)'/? -1 -1
Hence — = =
de  (1+2)'2(Q1—-2)1+2z) (1-—2)V2(1+2)3?
5. y = 2% + 2z + cosh (2% + 1)
2
L = =2 +2+
dx (22+1)2 -1 x? +2
. dzx

x=2+smt:>%=cost=—1 when ¢t = 7.
Also, when t =7 x—2andsod—y—4+2+i—68165

’ ST dz N
Hence @ = d_yd_x = —6.8165

dt  dz dt



, dy . 1 (zsinz+z*cosz+1)
6. y=xsinx+1lnr = ——= =sinzx+zcosx+ — =

dx x x
Hence d_:v = — ad and so
dy zsinz+z%cosz+1
Pz d x dx
d_y2 N %(xsinx-l—x?cosx-i-l)d_y

_ [(zsinz 4+ 2*cosz + 1) — z(sinz + 3z cosz — x*sinz)] (dz
B (zsinz + z2cosz + 1)? dy

(—22%cosz + z’sinz + 1)z
(zsinz + z2cosz + 1)3

2 _pl '
7. 1Y _ pla) then 22 i(“) d( ! >zi< L )df”: Fi__F

dz dy? ~ dy\dy) ~ dy \P() de \P(z))dy P2 P P3
and so d2_IE:_d2_y (@)3
dy? dz? dx
If f(z) = 2® — 52® + 3z then
' f'(x) = 32% — 10z + 3 = (32 — 1)(z — 3)
10 which is zero when z = 1/3 and z = 3. Thus
y=F) the largest (and smallest) value of f(z) occurs

at one of x = 0,1/3, 3,5 (because z is restricted
to the range 0 < z < 5). Now
. 10)=0, f(/8) =13/,
' ' and so the largest value (in the given range) is
15 and the smallest value is —9.

-10
V2R
. If P= —— (where V and r are constants) then
(r+ R)?
dP (r+R)?>x1—Rx2(r+R) V2 V3(r — R)
dR (r+ R) T )= T Rp
Hence ar 0 when R Also il V?|-3(r+R)"*(r — R) = < 0 whe
nce —— = nR=r. — = - —R)— —— n
dr " r dR? " " r+R3E| SV

R =17. Thus P has a minimum at B =r.

10. If y = z? exp(—2z) then

d
d_y = 2ze % + %% (-2) = 2¢"**(z — z?) and
T

dy

12 = 2 2*[(1 — 27) + (z — 2°)(=2)] = 2e7*(1 — 4z + 22°).



11.

12.

d
Thusd—y=0whenx=x2:>:v=00r1.

z
d?y

Also, z = 0= —— > 0 = minimum and

2

dz?
d°y .
z=1=— < 0= maximum.
dz?
Furthermore
d*y

ﬁ=0when2x2—4x+1=0
T

inflexion.

|

=

TEE vEe T rEer Ve F
me PR ofEe cEE iR v o

= 2 = 1+ 1/v/2 which are the points of | (.|

10.2

10
By similar triangles % =T h = z/10.
Let C be the cost of the project, then
C = 2(10 — 2)10* + A%105 = 10(20 — 2z + z?)
2

ac d°C 4
:>d:v_10 (—2+ 2z) and dx2_2><10 > 0.

Thus the cost is a minimum when z = 1 and this
minimum cost is 2 X 9 x 104 4+ 10* = 19 x 104
pounds.

Let | denote the length of the field and w its
width. Then the area is A = lw = w = A/l
and A is fixed. The length of fencing is

L 24
2 dl [
B 4A/1® > 0. Thus the minimum length

of fencing occurs when [? = 24 which implies
that w = A/l =1/2. So the length is twice the
width.



13.

14.

With 6 as shown, the length [ of the line is given

a N, byl=l+h=—" 4"
| ~cosf  sind
' I dl asinf  bcost

3 lz = B o2l snle This is zero when

1/3
asin®@ = bcos®f = tanf = (—) .
a

The longest ladder correspond to the minimum value of [ which occurs when

b\ /3 2 g\—1/2 a3 1 ZC
tanf = (E) = cosf = (1+tan” 6) = [Wl and sin § = [Wl '

Hence the longest ladder has length [ = (a2/3 + b2/3)1/2 (a/a'® +b/b3) = (a*® + b?/3)3/?

flz)=(1+2*)tan 'z = f'(z) = (1 +2?)

112 +2ztan"'z and so f/(0) = 1.

f(z) = explzIn{ln(3z + 2)}] = f'(z) = f(x)%[:v In{In(3z + 2)}] and so

() = f(z) l:v% In{In(3z + 2)} + In{In(3z + 2)}]

= f'(0) = f(0)In(In2) = In(In 2).

In general, if f(x) = exp[zh(z)] then f'(0) = h(0).
z(l — z?)?

flz) = W = zh(z), say. So f'(z) = zh/(z) + h(z) = f'(0) = h(0) = 1.
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