PARTIAL FRACTIONS & INTEGRATION BY PARTS

5 minute rev1ew Recap how partial fractions can be used in integration, perhaps with
the example [ = dx. Recall the product rule for differentiation, dd (uv) = v'v + w/,
and integrate and rearrange to obtain the integration by parts formula

/uv’dm = v — /u’v dz.

Class warm-up. Find
a) [ m dx (using partial fractions);

b) [zInzdz (using integration by parts).

Problems. (Choose from the below)

1. Partial fractions. Find the following indefinite integrals using the method of
partial fractions as appropriate.
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2. Integration by parts. Evaluate the following using integration by parts.
(a) [ te'dt (e) /y3e_y2 dy
(b) [ x?coshx dx
(c)
()

t2—|—a

tan™

2"lnxdx (n#-1)
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Inxdzx / cosh™

3. Recurrence formulae*.

(a) Let I, = [ a™e**dx where n > 0 is an integer and a is a (possibly complex)
constant. Using integration by parts, show that, for n > 0,
1

ITL = — (z"e" — In—
; (z"e nl,_1)
and Iy = =e® + ¢. Find I, I> and I3. Show that
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and find a general expression for I,,.

(b) Let C,, = [ 2" coszdx and S,, = [ 2" sinz dz. Show that, for n > 0,

c, = " sinx — nS,_1,
S, = —x"cosx+nC,_i.
and Cy = sinzx + ¢, Sy = — cos x + ¢. Following a similar approach to above,

can you find a general expression for C,, and S,,?

(¢) When a = 4, what’s the relationship between I,,, S, and C,,?
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For the warm-up, (a) ity = 741 — bt — iy © J o = |5+
x—_HJrc b) [zlnzdr = 12? (2Inz — 1).

Selected answers and hints. (All answers should include a constant of integration.)

1. (a) %ln|x x—|—3)| (b)11 1+5 (c)lln|x+1|—lln\1+x2|+%tan71(x) (d)
sInly *1I*zlnll+y|+§tan*1(y), (e) 5ln j*é’ sy (D)3 2x+1‘+

1 1
3(z—1) (z—1)2°

2. (a) (t—1)e!, (b) (x2+2)sinhx— 2mcoshx (c (lnm 1) using u = Inz, v’ =1,
(d) Eh (n+ Dz —1), () =5 (¥? + 1) exp(—y?), (f) tIn(t2 +a?) — 2t +
2atan~'(t/a), (g) wcosh™ u — u2 -1, (h) utan™'u— FIn|1 +u?|.

3. (a) A general formula for I, is

— e ((az)" (ax)" ' (az)" 2 . )
. ear (_1)k((m)n—k
= n!anﬂ - n—h)! +e.
(b) The general formulas are
xn xn72 1‘”74
Cn - ' n e 51
| Infl In73 1;”*5
+n! <(n—1)! - (n—3)! + (n—5) —) cosz + ¢
and
mn—l l‘"_3 q;"_5
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n ((n1)1 (”73)!+(n75)! )smaz
n n—=2 4
(o + - - cosx + ¢
n! n! m—2)1 " (n—4p

where the series in each bracket terminates before the power of x involved
becomes negative.

(c) Using Euler’s relation, e = cosx + isinz, we find that I,, = C,, +i5,,.

For more details, start a thread on the discussion board.



